A subclass A (n, k) of analytic functions f (z) in the unit disc U is considered. By means of the result due to K. Sakaguchi (J. Math. Soc. Japan 11(1959), 72 -75) for f (z) ∈ A (1, 1), some generalization properties of f (z) ∈ A (n, k) with several applications are discussed.
Introduction
Let H denote the class of analytic functions in the unit disc U = {z : |z| < 1} on the com- Let S * denote the class of starlike functions satisfying (1.1).
Sakaguchi [7] proved that if f ∈ A (1, 1) and g ∈ S * , then
This result found many of the applications. It was also generalized by MacGregor [3] , see (2.15); and Ponnusamy and Karunakaran [6] , see (2.9) . In this paper we consider an extension of it too. The considered class of functions is strongly connected with the class of close-toconvex functions and with the related classes, and it is also a motivation for the studies such functions.
To prove the main results, we also need the following generalization of the Nunokawa's lemma, [4] , [5] .
The proofs of the special cases of Lemma 1.1 can be found in [1] . Also, Lemma 1.1 after suitable transformation becomes the well known Jack's lemma [2] .
Main results
Theorem 2.1. Let α be a complex number and β ≤ β 1 < 1. Further, let f (z) ∈ A (n, k) and
Proof. Let us put
and let
Then it follows that
If there exists a point z 0 , |z 0 | < 1, such that
then from Lemma 1.1, we have
where p(z 0 ) = ±i a, 0 < a and ℓ :
(2.6)
where
Then, by (2.1) and (2.7), it follows that
The function
attains its minimum at
thus from (2.8) and after some calculation, we obtain
Moreover, by (2.2), we have 
which contradicts the hypothesis (2.3). Therefore,
For the case arg { p(z 0 ) } = −πφ/2, applying the same method as the above one, we have arg
This is also the contradiction and therefore it completes the proof. For X = 1 − β 1 Theorem 2.1 provides the following corollary.
Corollary 2.2. Let α be a complex number and β
If we denote
then Theorem 2.1 shows us the following one.
Theorem 2.3. Let α be a complex number and β
For β = β 1 Theorem 2.3 becomes the following corollary.
Corollary 2.4. Let α be a complex number and β
If we put α = 1, x = 0 and γ → (−∞) in Corollary 2.4 then we obtain the MacGregor's result, [3] , of the form {
which is a generalization of the Sakaguchi's result [7] , with β = 0. Assume also that β < 1 and n is a positive integer. If
Proof. Let us consider
and g (z) = z n in Corollary 2.4. For α = 1 the conditions (2.10) and (2.11) become 1/n ≥ x, 0 ≥ γ so we can put x = 1/n and γ = 0. Then, condition (2.12) becomes (2.16) while (2.14) becomes (2.17).
For n = k = 1 we get the following result. Assume also that β < 1. If
Recall here another result of this type [8, p. 118 ] that if h ∈ A (1, 1), β < 1/3, then
For a related result under more complicated assumption we also refer to [9, p. 1550 ].
